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The purpose of this paper is to study the strong lower and the weak upper limits
in the sense of Kuratowski of a sequence of Sobolev spaces [W 1, p0 (0n)]n # N and
compare them to a fixed space W 1, p0 (0). The results are expressed in terms of the
behavior of the local capacity in balls of the complementary sets. If these two limits
coe@ ncide, we obtain necessary and sufficient conditions for the convergence in the
sense of Mosco of the Sobolev spaces, hence for the continuity of the solution of
a Dirichlet problem associated to the p-Laplacian in terms of the geometric domain
variation.  1999 Academic Press
1. INTRODUCTION
Let us consider a function f # W&1, q(B), where B is a ball of RN, (N2,
p>1, 1p+1q=1). For an open set 0B, by u0, f is denoted the weak
solution of the following Dirichlet problem for the p-Laplacian,
&2pu0, f = f in 0
(1)
u0, f # W 1, p0 (0).
The solution of Eq. (1) is stable with respect to a perturbation [0n]n # N of
the geometric domain 0, if u0n , f converges strongly in W
1, p
0 (B) to u0, f
(a solution is supposed extended by 0 on the complement of its definition
domain).
The continuity with respect to the geometric domain, for the solution of
(1) or other related problems, was largely studied by many authors (see,
for example, [3, 6, 12, 16, 17], etc.). Generally, a sequence of domains
which ‘‘converges’’ in some sense to an open set 0 is given and the question
is to establish if the solution on the limit domain is stable. A different
approach, which is of compactness type, is studied through the 1-con-
vergence theory and leads to relaxation of domains: given a sequence of
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open sets 0n , does there exist an open set 0 such that the solution of the
problem on 0 is the limit of a subsequence of solutions on 0n ? In general,
the answer is negative, the ‘‘limit’’ domain being of relaxed type.
Let us consider a sequence [0n]n # N of open subsets of the ball B. The
stability of u0, f for any f # W&1, q(B) is equivalent with the so-called
Mosco convergence of the associate Sobolev spaces (see [7, 8, 15]). The
sequence W 1, p0 (0n) converges in the sense of Mosco to W
1, p
0 (0) if the
following two inclusions hold,
W 1, p0 (0)s-lim inf
n  
W 1, p0 (0n) (2)
w-lim sup
n  
W 1, p0 (0n)W
1, p
0 (0). (3)
By s-lim infn   W 1, p0 (0n) and w-lim supn   W
1, p
0 (0n) are denoted the
strong lower limit, respectively the weak upper limit, in the sense of
Kuratowski of the sequence of Sobolev spaces [W 1, p0 (0n)]n # N, which are
defined by
s-lim inf
n  
W 1, p0 (0n)=[u # W
1, p
0 (B) | _un # W
1, p
0 (0n), and un www
W0
1, p(B)
u]
(4)
w-lim sup
n  
W 1, p0 (0n)=[u # W
1, p
0 (B) | _unk # W
1, p
0 (0nk), and unk www(
W0
1, p(B)
u].
(5)
The link between (2) and (3) and the stability of u0, f appears clearly if
one tries a direct proof for the convergence u0n, f www
W0
1, p(B)
u0, f . Roughly
speaking, for a subsequence one gets u0nk, f www(
W0
1, p(B)
u, and (3) yields
u # W 1, p0 (0). Then u=u0, f , if for any , # W
1, p
0 (0) we have
|
0
|{u| p&2 {u {, dx=( f, ,) W&1, q(0)_W1, p0(0) .
This equality is proved using (2), approaching , by a sequence
,n # W 1, p0 (0n), and writing that u0n, f is solution on 0n . These arguments
remain valid, if in Eq. (1) the p-Laplacian is replaced with a nonlinear
operator in divergence form (see [9]).
The equivalence between the Mosco conditions and the stability of u0, f
can be rigorously proved by 1-convergence arguments. If p=2, this equiv-
alence is more intuitive, still being equivalent with the strong pointwise
convergence of the orthogonal projectors on the varying spaces, i.e., for any
u # H 10(B), PH10(0n)u ww
H10(B) PH10(0)u, where PH10(0) : H
1
0(B)  H
1
0(0) denotes
the orthogonal projector on H 10(0) (see [17]).
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Each of the Mosco conditions (2) and (3) gives separately interesting
information about Eq. (1). For p=2 relation (2), respectively (3), gives
the upper, respectively the lower, semicontinuity of the k th eigenvalue
(counted with its multiplicity) of the Laplace operator with homogeneous
Dirichlet boundary conditions on the moving domain, for any k # N*.
If 0n ‘‘converges’’ in some ‘‘uniform’’ sense to 0, then relations (2)(3)
can be easily established. A natural question is to give minimal conditions
on 0n and on 0 such that the Mosco convergence holds. Using capacities
and the frame of the 1-convergence theory, Dal Maso [6, 7] and Dal
Maso and Defranceschi [8] gave a characterization of the Mosco
convergence. Essentially, W 1, p0 (0n) converges in the sense of Mosco to
W1, p0 (0) if and only if there exists a family of sets AP(B) which is rich
or dense in P(B) such that
Cp(0c & X, B)= lim
n  
Cp(0cn & X, B) \X # A. (6)
The convergence in the sense of Mosco is still equivalent (see [7]) with the
following two relations, which have to be satisfied for all p quasi open sets
AB and p quasi compact sets FAB.
Cp(0c & A, B)lim sup
n  
Cp(0cn & F, B), (7)
Cp(0c & A, B)lim inf
n  
Cp(0cn & A, B). (8)
In this paper we prove the following results:
1. Instead of all p quasi open (respectively p quasi compact) sets, one
can consider only open (respectively closed) balls, namely, it is sufficient to
consider only A=F=B x, r in (7) and A=Bx, r in (8), \x # RN, \r>0.
2. Relation (7), respectively (8) (on open, respectively closed balls),
represents a characterization of the strong lower, respectively weak upper,
limit in the sense of Kuratowski of the associate Sobolev spaces, being
equivalent with (2), respectively (3).
Reducing the family of ‘‘test’’ sets only to balls is important when
proving the continuity in some particular situations. For a given sequence
of open sets, the proof of (7)(8) using balls simplifies the computation. In
the last section, we shall make the connection between the Mosco con-
vergence and some usual topologies on the family of domains, like the
compact convergence and the Hausdorff distance. We shall also give a
characterization for the stability of an open set 0 (see [10]), which is
obtained using (7)(8) on balls for a particular sequence [0n]n # N .
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2. NOTATIONS AND PRELIMINARIES
We recall in this section some basic definitions and results concerning
the relaxation of the Dirichlet problem associated to the p-Laplacian.
The Sobolev capacity of a set ERN is
Cp(E)=inf[&.&21, p | . # W
1, p(RN), E[.1]o].
For r>0 and a set E such that EB, the condenser capacity of E in the
ball B is
Cp(E, B)=inf {|B |{.|2 dx | . # W 1, p0 (B), E[.1]o= .
For more properties of capacities we refer to [11]. Locally, the two
capacities are equivalent and have the same null sets.
A subset ARN is called p quasi open if for all =>0 there exists an open
set G= with Cp(G=)<= such that A _ G= is open. The Sobolev space W 1, p0
is naturally defined for p quasi open sets (see [14]). A function u: RN  R
is said to be p quasi continuous if for all =>0 there exists an open set G=
with Cp(G=)<= such that u | RN"G=| is continuous on R
N "G= . A property is
said to hold p quasi everywhere (written p q.e. or simply q.e. if no
ambiguity occurs) if it holds in the complement of a set of p capacity zero.
It is known that any function u # W1, p(RN ) has a representative which is
p quasi continuous, which differs from the initial function up to a set of
zero measure. Moreover any two p quasi continuous representatives are
equal p q.e.
In relations (2)(3) any u # W 1, p0 (0) is supposed extended by zero to an
element of W 1, p0 (B) and conversely for some u # W
1, p
0 (B) we have that
u |0 # W 1, p0 (0) if u=0 p q.e. on 0
c for a p quasi continuous representative.
It is said that a sequence of open sets [0n]n # N #p -converges to an open set
0 if for all f # W&1, q(B), g # W 1, p0 (B) we have u0n, f, g www
W0
1, p(B)
u0, f, g ,
where u0, f, g is the solution of
&2pu0, f, g= f in 0
(9)
u0, f, g& g # W 1, p0 (0).
The #p -convergence is equivalent with the convergence in the sense of
Mosco of the associated Sobolev spaces. Even more, it is still equivalent
with the continuity of the solutions u0n, 1, 0 www(
W0
1, p(B)
u0, 1, 0 (see [9]). This
last assertion underlines the equivalence of the Mosco convergence with the
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stability of some particular solutions. Summarizing, for a given perturba-
tion [0n]n # N of an open set 0, the Mosco convergence is equivalent with
each of the following:
v the stability of the solution of (1) for f #1;
v the stability of the solution of (1) for any f # W&1, q(B);
v the stability of the solution of (12) for any f # W&1, q(B),
g # W 1, p0 (B);
v the stability of the solution of (12) for f #0 and any g # W 1, p0 (B)
(see Section 4).
We also recall some results of [5, 8, 9], where relaxed versions of Eq. (9)
are studied. Given a sequence of open sets 0n for which u0n , 1, 0 www(
W0
1, p(B)
w,
there exists a Borel measure + which does not charge sets of p capacity zero
defined by
+(A)={|A
d&
| p&1
if Cp(A & [w=0])=0
(10)
+ if Cp(A & [w=0])>0,
where &=1+2pw, such that for any f # W&1, q(B), g # W 1, p0 (B) we have
u0n, f, g www(
W0
1, p(B)
u+, f, g , where u+, f, g # W 1, p0 (B) & L
p
+(B) and
&2pu+, f, g++ |u+, f, g& g| p&2 (u+, f, g& g)= f in W 1, p0 (B) & L
p
+(B)
(11)
u+, f, g& g # W 1, p0 (B) & L
p
+(B).
Moreover (see [8]), the sequence of functionals
Fn(u)=|
B
|{u| p dx+/W01, p(0n)(u)
1-converges in W 1, p0 (B)-weak to the functional
F(u)=|
B
|{u| p dx+|
B
|u| p d+.
Here /W01, p(0n)(u)= if u  W
1, p
0 (0n), /W01, p(0n)(u)=0 if u # W
1, p
0 (0n), and +
is the Borel measure defined by (10).
We study independently each of the Kuratowski limits. For a given
sequence of open sets, we find a sequence of subdomains, respectively
superdomains, which #p-converge to the target domain, and for which rela-
tions (7)(8) hold. For the necessity, this lemma allows us to use the results
of Dal Maso, replacing the p quasi open sets by balls and the p quasi
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closed sets by closed balls. For the sufficiency, the study of the strong lower
limit is made directly, given a constructive way to find the strong
approximation for each element of W 1, p0 (0). The most difficult part con-
cerns the weak upper limit, which is related to the study of the behavior of
particular solutions of Eq. (9), for f #0 (see also [2] for the linear case).
For simplicity let us denote v0, g=u0, 0, g . The main tool will be the
study of the oscillations of these particular solutions of the homogeneous
equation with non-homogeneous boundary conditions of (9) near the
boundary of 0, and for that we use a boundary continuity lemma from
[11]. This lemma establishes a link between the oscillations of a harmonic
function and its W 1, p0 projection near the boundary:
Lemma 2.1. Suppose that 0 is bounded. Let % # W1, p(0) & C(0 ) and let
h be the unique harmonic function in 0 with %&h # W 1, p0 (0). If x0 # 0,
then \0<rR it is true that
osc(h, 0 & Bx0 , r)osc(%, 0 & B x0 , 2R)+osc(%, 0) exp(&cw(0, x0 , r, R)),
where
w(0, x0 , r, R)=|
R
r \
Cp(0c & Bx0 , t , Bx0 , 2t)
Cp(Bx0 , t , Bx0 , 2t) +
q&1 dt
t
,
osc(h, 0)=|sup0 h(x)&inf0 h(x)|, and c depends only on the dimension of
the space.
Let us make a study of the behavior of the solution of Eq. (9), where
f #0 and g # W 1, p(B) is fixed. Suppose first that g is also :-Holderian on
B of constant cg and bounded by M. Then one can apply Lemma 2.1
directly for h=v0, g and %=g and for a point x0 # 0 and for all
x, y # 0 & Bx0, r obtain
|v0, g(x)&v0, g( y)|cgM(4R):+2M exp(&cw(0, x0 , r, R)). (12)
If y is a regular point belonging to the set 0 & Bx0 , r then v0, g( y)= g( y)
(see also [1]) and one can derive
|v0, g(x)& g(x)|2cgM(4R):+2M exp(&cw(0, x0 , r, R)) (13)
for all x # 0 & Bx0 , r .
This last inequality proves that if one can handle the behavior of the
function n  w(0n , x0 , r, R), then the oscillations of v0n , g relatively to g are
‘‘uniform’’ in some neighborhoods of x0 .
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3. STUDY OF THE STRONG LOWER LIMIT
In this section we study the strong lower limit of a sequence of Sobolev
spaces W 1, p0 (0n). We prove the following
Theorem 3.1. Let [0n]n # N , 0 be open subsets of B. Then we have
W1, p0 (0)s-lim inf
n  
W 1, p0 (0n)
if and only if \x # RN, \r>0
Cp(0c & B x, r , Bx, 2r)lim sup
n  
Cp(0cn & B x, r , Bx, 2r). (14)
In a first step we prove that if relation (2) holds then we can find a
sequence of subsets of 0n which #p -converges to 0. This is sufficient to
apply the results of [7] and to use the behavior of the capacity on decreasing
sequences of compacts. In relation (7), one should replace F by a closed
ball, and choose for A a decreasing sequence of open balls containing F.
For the sufficiency, we give a constructive way to approach any element of
D(0) by a sequence of elements of W 1, p0 (0n).
Proof of Theorem 3.1. ( O ) Remark that if (2) holds then 0n & 0
#p -converges to 0. To prove that, we verify the conditions (2)(3). For (3)
consider un # W 1, p0 (0n & 0) and un www(
W0
1, p(B)
u. Obviously we have u #
W1, p0 (0). To prove relation (2), let us consider u # W
1, p
0 (0). Without
losing the generality one can suppose that u0 (if not we decompose u=
u+&u&). By hypothesis, there exists a sequence (which can be taken positive)
un # W 1, p0 (0n) such that un www
W0
1, p(B)
u. Then min[un , u] # W 1, p0 (0n & 0)
and min[un , u] www
W0
1, p(B)
u.
In order to localize the moving domain in a ball, by a similar argument
we get that 0n & 0 & Bx, 2r #p -converges to 0 & Bx, 2r . Therefore one can
apply (7) for F=B x, r , A=Bx, r+= , and get
Cp(0c & Bx, r+= , Bx, 2r)lim sup
n  
Cp((0n & 0)c & B x, r , Bx, 2r).
Since
Cp(0c & B x, r+= , Bx, 2r)Cp(0c & Bx, r+= , Bx, 2r)Cp(0c & B x, r , Bx, 2r)
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using the continuity of the capacity on decreasing sequences of compacts
we get, setting =  0,
Cp(0c & B x, r , Bx, 2r)lim sup
n  
Cp((0n & 0)c & B x, r , Bx, 2r).
Since Cp((0n & 0)c & B x, r , Bx, 2r)Cp(0cn & B x, r , Bx, 2r) we obtain (14).
(o) Let us consider u # D(0), supp u=K0 and ==d(K, 0).
There exists a finite family of k balls centered in points of K and of rays
inferior to = such that Kr=1, k Bxr , =2 . We also have
Cp(0c & B xr, =2 , Bxr , =)=0
and thus we get from (14)
lim
n  
Cp(0cn & B xr, =2 , Bxr , =)=0.
Hence the capacity of 0cn & B xr , =2 vanishes as n   and we consider
for r=1, k smooth functions rn # D(Bx, =) equal to 1 on 0
c
n & B xr , =2 and
which approximate respectively the capacity of this set, namely
&rn&W01, p(B)Cp(0
c
n & B xr , =2 , Bxr , =)+1n. Moreover the functions 
r
n can
be chosen such that 0rn1. Therefore, since k is fixed, the sequence of
functions defined by
un=u ‘
k
r=1
(1& rn)
has the property
un # W 1, p0 (0n) and un ww
W0
1, p(B)
u
so (2) is satisfied.
The passage from D(0) to W 1, p0 (0) is made using the density
D(0)=W 1, p0 (0) and a classical diagonal procedure for subtracting a
convergent sequence. K
If one replaces in this theorem the sequence [0n]n # N of open by p quasi
open sets, the only point which is not working concerns the necessity. The
construction of the approximating sequence fails because the dense family
in W 1, p0 (0) which replaces D(0) for a p quasi open set 0 does not have
the same properties. In fact, even for a p quasi open set 0, there exists a
dense family of functions having compact support in 0, but their support
can not be covered with balls which do not intersect the complement of 0
(see [14]).
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4. STUDY OF THE WEAK UPPER LIMIT
In shape analysis problems [3, 12, 16, 17] where one studies the stability
of the solution of an elliptic problem to geometric domain perturbations,
the major difficulty is concentrated around the study of the weak limits
points of a sequence [un]n # N , un # W 1, p0 (0n). In order to obtain a stability
result for the solution of the Dirichlet problem (9), one has to impose some
restrictions on the geometric domain (related to the perturbation).
In this section we prove the following
Theorem 4.1. Let [0n]n # N , 0 be open subsets of B. Then we have
w-lim sup
n  
W 1, p0 (0n)W
1, p
0 (0)
if and only if \x # RN, \r>0
Cp(0c & Bx, r , Bx, 2r)lim inf
n  
Cp(0cn & Bx, r , Bx, 2r). (15)
Proof. ( O ) The necessity does not follow as directly as in Theorem
3.1.The idea is still the same: find a sequence of open sets which contains
0n and which #p -converges to 0. For this purpose we give the next
Lemma 4.1. Let a sequence of open sets 0n for which u0n , 1, 0 www(
W0
1, p(B)
w
and w # W 1, p0 (0) be given. There exist a subsequence (still denoted with
the same index) and a sequence of open sets Gn B with 0nGn and Gn
#p -converges to 0.
Proof of Lemma 4.1. Remark first that under the previous hypotheses,
if un # W 1, p0 (0n) and un www(
W0
1, p(B)
u then u=0 on the set [w=0]. This
follows from the fact that the functionals
Fn(u)=|
B
|{u| p dx+/W01, p(0n)(u)
1-converge in W 1, p0 (B)-weak to the functional
F(u)=|
B
|{u| p dx+|
B
|u| p d+,
with + the Borel measure defined by (10). Particularly we ascertain in the
present hypotheses that F(u)<, which implies that u=0 p q.e. on the set
[w=0].
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Denote by A$[w>0] a p quasi open set containing the region where
the limit function is positive. Following [9], wuA, 1, 0 . For each =>0 we
define, as in [4] (for p=2), the following p quasi open set A==
[uA, 1, 0>=]. For a subsequence still denoted with the same index, we can
suppose that
u0n _ A=, 1, 0 www(
W0
1, p(B)
w=
and by the comparison principle we have w=uA=, 1, 0 . But w= # W 1, p0 (A)
from the previous arguments applied for [0n _ A=]. Indeed, defining v==
1&1= min[uA, 1, 0 , =] we get 0v=1 and v==0 on A=, v==1 on B"A.
Taking un=min[v=, u0n _ A=, 1, 0] we get un=0 on A
=, un=0 on
B"(0n _ A=), particularly on B"0n . Moreover un www(
W0
1, p(B)
min[v=, w=] and
hence min[v=, w=]=0 p q.e. on [w=0]. Since v==1 on B"A we get w==0
p q.e. on B"A.
Now using Theorem 5.1 of [9], from the fact that &2pu0n _ A=, 1, 01 in
B we get &2pw=1 and hence w=uA, 1, 0 . Finally, uA=, 1, 0w=uA, 1, 0 ,
and by a diagonal subtraction procedure we get
u0n _ A=, 1, 0 www(
W0
1, p(B)
uA, 1, 0 .
Taking 0 in the place of the set A, we conclude the proof. K
Using this lemma, we now consider the sequence Gn & Bx, 2r , which
#p -converges to 0 & Bx, 2r . Taking A=Bx, r in (8), we get
Cp(0c & Bx, r , Bx, 2r)lim inf
n  
Cp(Gcn & Bx, r , Bx, 2r).
Since Cp(Gcn & Bx, r , Bx, 2r)Cp(0
c
n & Bx, r , Bx, 2r) relation (31) is proved.
(o) In order to reduce the study of arbitrary weak convergent
sequences to particular sequences of solutions of Eq. (9) for f #0, we give
the following lemma (recall the notation v0, g=u0, 0, g).
Lemma 4.2. Let [0n]n # N be a sequence of open subsets of B, and 0 an
open set such that \g # D(B) and for any weak limit of a sequence
v0nk , g www(
W0
1, p(B)
v we have v& g # W 1, p0 (0). Then relation (3) holds.
Proof of Lemma 36. Remark first that if the previous relation holds
for any g # D(B) then it holds for any g # W 1, p0 (B). Indeed, consider
some g # W1, p0 (B) and (with a renotation of the index) suppose
that v0n , g www(
W0
1, p(B)
vg . There exists a sequence of gk # D(B) such that
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gk www
W0
1, p(B)
g. Following [9], one can find a uniform bound for v0n , gk , and
hence there exists a constant ; such that
&v0n , gk&v0n , g&W01, p(B); &g& gk&W01, p(B)
for all k # N. For a subsequence of [v0n , gk]n # N which weakly converges in
W10(B) to vk , making n   we get &vg&vk&W01, p(B); &g& gk&W01, p(B) .
Since vk& g # W 1, p0 (0), making k   we conclude with v& g # W
1, p
0 (0).
Let us prove now (3). Consider a weak convergent sequence
un www(
W0
1, p(B)
u with un # W 1, p0 (0n). Following [9], for a subsequence still
denoted with the same index, 0n #p -converges to (RN, +), + being the
measure defined by relation (10). Then we have u # W 1, p0 (B) & L
p
+(B). To
prove that u # W 1, p0 (0) it suffices to verify
W 1, p0 (B) & L
p
+(B)W
1, p
0 (0). (16)
Consider some g* # W 1, p0 (B). For a subsequence still denoted with the
same index, we have v0n , g* www(
W0
1, p(B)
v and v satisfies Eq. (11) with f #0
and g*.
Hence on one side we obtain v& g* # W 1, p0 (B) & L
p
+(B), and on the other
side the hypothesis of the proposition gives v& g* # W 1, p0 (0). To obtain
the conclusion it is sufficient to prove that the family of functions written
in the form v& g* with the above properties is dense in W 1, p0 (B) & L
p
+(B).
This will insure inclusion (16). Denote by v& g*=z. We have
&2p(z+ g*)++ |z| p&2 z= f in W 1, p0 (B) & L
p
+(B)
(17)
z # W 1, p0 (B) & L
p
+(B).
Consider z=.w, where . # D(B), and w=uA+ , 1, 0 , where A+ is the regular
set of the measure + (i.e., the union of all finely open sets of finite
+-measure). Then the family [.w]. # D(B) is dense in W 1, p0 (B) & L
p
+(B). Fix
some z=.w. For this z we can prove the existence of some g # W 1, p0 (B)
such that
&2p(z+ g)++ |z| p&2 z=0.
Indeed, the existence of such a g is trivial if + |z| p&2 z # W &1, q(B). This
follows immediately from the particular structure of z. Consider % # D(B).
Then
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(+ |z| p&2 z, %) W&1, q(B)_W01, p(B)
=|
[w>0]
% |z| p&2 z d+
=|
[w>0]
% |z| p&2 z
d&
w p&1
=(% |.| p&2 ., 1+2pw) W&1, q(B)_W01, p(B) .
Since 2pw # W &1, q(B) we get + |z| p&2 z # W&1, q(B) and conclude the
proof. K
Following Lemma 4.2, it suffices to study the behavior of v0n , g . There-
fore, let us consider some g # D(B) and v0n , g www(
W0
1, p(B)
v (by a renotation of
the index).
From [10] it is sufficient to prove v= g q.e on 0c. In fact we use an
estimation of the oscillation of v0n , g near the boundaries. The lower semi-
continuity of the capacity will insure a common behavior. From the Mazur
lemma there exist convex combinations
,n= :
Nn
k=n
:nkvk www
W0
1, p(B)
v
and for a subsequence (still denoted with the same index) it converges p
q.e. (for p quasi continuous representatives). Let us consider x # B"E the set
of points where the convergence is pointwise, with Cp(E)=0. So, for
x # B"E, \=>0 we have
|v(x)& g(x)||v(x)&,n(x)|+|,n(x)& g(x)|
and for n large enough we have also |v(x)&,n(x)|<=2. We must prove
that we have |,n(x)|<=2 or even strongly, that |vn(x)& g(x)|<=2 for n
large enough.
For that we use Lemma 2.1 and we distinguish between two situations,
x # 0 and x # ext(0). Let us prove this assertion first for x # 0. Since the
set of regular points of the boundary of 0 is of zero capacity, without
losing the generality one can suppose that x is regular. Let us give two
lemmas.
Lemma 4.3. For all x # RN, and for all 0<r<R we have
lim inf
n  
w(0n , x, r, R)w(0, x, r, R).
The proof of this lemma is immediate from the lower semi-continuity of
the local capacity, and the properties of the Lebesgue integral (Fatou’s
lemma and (15)).
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Lemma 4.4. There exists a positive constant c depending only on the
dimension of the space, such that for all R>r>0, for all x1 , x2 # RN with
&x1&x2 &=$r2 we have
w(0, x1 , r, R)c w \0, x2 , r2 ,
R
2+ .
Proof of Lemma 4.4. We have 0c & Bx2 , +0
c & Bx1 , = if ++$=.
Hence for any Rtr2$ we have
0c & Bx2 , t20
c & Bx1 , t
since t2+$t. So we get the inclusion Bx1 , 2tBx2 , 4t and then we can
write
Cp(0c & Bx2 , t2 , Bx2 , 4t)Cp(0
c & Bx1 , t , Bx1 , 2t).
Following [11] there exists a constant ! depending only on the dimension
N, such that
!Cp(0c & Bx2 , t2 , Bx2 , t)Cp(0
c & Bx2 , t2 , Bx2 , 4t)Cp(0
c & Bx1 , t , Bx1 , 2t).
Hence
!q&1 |
R
r \
Cp(0c & Bx2 , t2 , Bx2 , t)
Cp(Bx2 , t , Bx2 , 2t) +
q&1 dt
t
|
R
r \
Cp(0c & Bx1 , t , Bx1 , 2t)
Cp(Bx1 , t , Bx1 , 2t) +
q&1 dt
t
or making a change of variables in the first integral, and using the behavior
of the capacity on homothetic sets, we get
!q&1
2(N&2)(q&1) |
R2
r2 \
Cp(0c & Bx2 , t , Bx2 , 2t)
Cp(Bx2 , t , Bx2 , 2t) +
q&1 dt
t
|
R
r \
Cp(0c & Bx1 , t , Bx1 , 2t)
Cp(Bx1 , t , Bx1 , 2t) +
q&1 dt
t
.
Denoting (!2N&2)q&1=c we get
w(0, x1 , r, R)c w \0, x2 , r2 ,
R
2+
as soon as &x1&x2&r2<R2. K
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Let us consider x # 0 a regular point, i.e., limr  0 w(0, x, r, R)=. We
shall fix r, R>0 later such that w(0, x, r2, R2)>M . Also, the value of M
will be specified. If &xn&x&r2 we have from the previous lemma
w(0n , xn , r, R)cw \0n , x, r2 ,
R
2+ .
From Lemma 4.3, for n large enough one can write
w \0n , x, r2 ,
R
2+
1
2
w \0, x, r2 ,
R
2+ ,
which implies
w(0n , xn , r, R)
c M
2
independently of the choice of xn with &xn&x&r2.
If x # 0cn , then p quasi everywhere we have vn(x)= g(x). Let us suppose
that x # 0n . Since Cp(0c & Bx, $ , Bx, 2$)>0 for any $>0 (the point x being
regular) we have Cp(0cn & Bx, $ , Bx, 2$)>0 for n large enough. We fix $=r2
and consider xn # 0n (precisely x # 0n , xn # Bx, $ & 0n) and xn regular.
The existence of such a point follows from the fact that Cp(0n &
Bx, $ , Bx, 2 $)>0 via the following lemma.
Lemma 4.5. Let 0 be an open set such that 0 & Bx, $ {< and
Cp(0c & Bx, $ , Bx, 2 $)>0. Then Cp(0 & Bx, $ , Bx, 2 $)>0.
Proof of Lemma 4.5. Let us suppose the contrary, namely that
Cp(0 & Bx, $ , Bx, 2$) = 0, which implies that Cp(0 c & Bx, $ , Bx, 2 $) > 0.
Without losing the generality let us consider x=0, $=1 and the radial
transformation B0, 1  RN given by y w
T y(1&&y&). This is a bi-Lipschitz
transformation restricted to every closed ball B 0, + with +<1. Hence the
Sobolev capacity Cp(T(0) & B0, +(1&+)) vanishes since Cp(0 & B 0, +)=0.
Since for increasing sequences of sets the capacity is continuous we
get Cp(T(0 & B0, 1))=0, which from [11] means that T(0 & B0, 1) _
T(0 & B0, 1)c is connected, in contradiction with the openness and disjoint-
ness of the two sets. K
Then one can write vn(xn)= g(xn) and using relation (12) we get
|vn(x)& g(x)|cg M(4R):+2M exp(&cw(0n , xn , r, R)).
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Now we fix r, R, M such that R=14 log:(=4cgM), M =&(2cc ) ln (=12M)
and r<R2 such that g(0, x, r2, R2)>M . Globally we have
cgM(4R):+2M exp \&cc M2 +
=
2
and choose n large enough, such that g(0n , xn , r, R)c M 2 for &xn&x&
r2, and also Cp(0cn & Bx, r2 , Bx, r)>0. Hence |vn(x)& g(x)|<=2 for n
large enough, which finally implies |v(x)& g(x)|=. Since = was arbitrarily
chosen we get v(x)= g(x) for q.e. x # 0.
For the case x # 0 c, the same proof works with w(0, x, r, R)=
Rr 1t dt. K
In this theorem one can replace the open by p quasi open sets. For the
necessity the same proof follows. For the sufficiency, if [An]n # N and A are
p quasi open subsets of B satisfying (15), we construct the open sets
0n such that An0n and Cp(0n"An)1n, respectively A0= and
Cp(0="A)=. One sees that relation (15) still holds for 0n and for 0= .
Hence we apply Theorem 4.1 and get
w-lim sup
n  
W 1, p0 (0n)W
1, p
0 (0=).
Since W 1, p0 (An) has the same Kuratowski limits as W
1, p
0 (0n) we get
w-lim sup
n  
W 1, p0 (An)W
1, p
0 (0=).
This inclusion holds for any =>0; therefore we can replace 0= by A.
5. FINAL REMARKS
The convergence in the sense of Mosco of a class of unilateral convex
sets (in Sobolev spaces) was studied by Dal Maso in [6] (for further
developments, see also [7, 8]). The sets
[u # W 1, p0 (B), u10cn p q.e.]
converge in the sense of Mosco if and only if there exists a family
AP(B) which is rich or dense such that
lim
n  
Cp(0cn & X, B)=Cp(0
c & X, B) \X # A.
This relation is equivalent to (7)(8).
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In the present paper, the family of ‘‘test’’ sets contains only the balls, this
family being neither rich nor dense in the sense of [6]. Moreover, one can
remark that for some fixed x # RN, the family of t # R+ such that
Cp(0c & B x, t , Bx, 2t)>Cp(0c & Bx, t , Bx, 2t)
is at most countable. Indeed, consider for some fixed x # RN the function
g: (0, +)  R,
g(t)=Cp(0c & B x, t , Bx, 2t)&Cp(0c & Bx, t , Bx, 2t).
Then obviously g(t)0 for all t # (0, ). We want to prove that g(t)=0
for all t except possibly an at most countable set. For that it is sufficient
to prove that \t0 # (0, ), limt  t0 g(t)=0. Indeed,
0 lim
t  t0
+
g(t) lim
t  t0
+
[Cp(0c & B x, t , Bx, 2t0)&Cp(0
c & B x, t0 , Bx, 2t)]=0
from the behavior of the capacity monotone decreasing sequences of
compacts (see [11]) and #p -convergence. On the other hand,
0 lim
t  t0
&
g(t) lim
t  t0
+
[Cp(0c & Bx, t0 , Bx, 2t)&Cp(0
c & Bx, t , Bx, 2t0)].
The second term converges to Cp(0c & Bx, t0 , Bx, 2t0) from the behavior of
the capacity on increasing sequences, and the first term converges to the
same value from the arguments
Cp(0c & Bx, t0 , Bx, 2t)Cp(0
c & Bx, t0 , Bx, 2t0)|
B
|un | p dx&
1
n
,
where un1 in a neighborhood of 0c & Bx, t0 . But un can be approached by
%n such that %n=un on Bx, 32t0 , %n=0 on Bx, 2t0&=n , and %n harmonic in
Bx, 2t0&=n"B x, (32) t0 . For =n small enough we get &un&%n&W01, p(Bx, 2t0)1n.
But
|
Bx, 2t0
|{%n | p dxCp(0c & Bx, t0 , Bx, 2t0&=n)
and by classical arguments we conclude the proof.
Hence, for the convergence in the sense of Mosco we can make the
following formulation: 0n #p-converges to 0 if and only if \ x # RN there
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exists an at most countable family TxR+ such that for all t # R+"Tx we
have
lim
n  
Cp(0cn & Bx, t , Bx, 2t)=Cp(0
c & Bx, t , Bx, 2t).
We shall give in the sequel some applications of our results in the study
of some particular situations. In a large class of problems, the stability
problem for the solution of an elliptic equationsay (1)has the following
formulation: let [0n]n # N be a perturbation of an open set 0 in a ‘‘topology’’
on the family of open sets; the question is whether the solution u0n , f of Eq.
(1) on 0n converges in W 1, p0 (B) to u0, f .
Perturbations are often given in the literature in one of the following
topologies. The Hausdorff complementary topology [3, 17] is metric,
defined by the distance dH c(01 , 02)=supx # RN |d(x, 0c1)&d(x, 0
c
2)|. The
compact convergence is a sequential topology and by definition: 0n
compactly converges to 0 if for any compact K/0 _ 0 c there exists nK # N
such that for all nnK , K0n _ 0 cn (see [12, 16]). For both cases, the
stability of the solution u0, f is obtained under some of geometrical type,
constrains of topological nature, or expressed in terms of capacity.
If the stability of u0, f is seen from the Mosco convergence viewpoint, let
us remark that the way to define the topology in the family of open sets
hides one of the Mosco conditions, namely condition (2). Indeed, both the
Hausdorff complementary topology and the compact convergence satisfy
the following geometric property: if 0n  0 then for all K//0 there exists
nK # N such that for all nnK , K//0n . But
Cp(0c & B x, t , Bx, 2t)= inf
$>0
Cp((0c)$ & B x, t , Bx, 2t)
and 0cn(0
c)$ for n large enough (by A$ we denote the set
[x # RN | d(x, A)$]). Then relation (2) follows immediately.
The main difficulty is to specify the situations when the second condition
(3) is also satisfied. This condition holds if some additional restraints are
imposed on the moving domain 0n . In [3, 17] (for p=2), the perturbation
is given in the Hausdorff complementary topology and the constraint is
given using a capacity density condition, which in the particular case N=2
can be expressed in terms of the number of connected components of the
complementaries. Relation (3) is then deduced by studying the solution of
(9) with f #1 and g#0 and making use of the linearity of the equation.
In [12, 16], where the perturbation is given by the compact con-
vergence, it is moreover supposed that the limit set 0 is p stable, i.e., for
any function u # W1, p(RN ) vanishing a.e. on 0 c we have u| 0 # W 1, p0 (0).
Roughly speaking, open sets with cracks are not stable (see also [13]).
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With these hypotheses, the Mosco convergence implies the stability of u0, f
rather quickly. The results obtained in this paper can be used to give a
simple proof of the characterization of the p stability.
Proposition 5.1. A bounded open set 0 is p stable if and only if for any
x # RN, r>0 we have
Cp(Bx, r"0, Bx, 2r)=Cp(Bx, r"0 , Bx, 2r). (18)
Proof. The proof is an immediate consequence of the fact that 0n=
x # 0 Bx, 1n compactly converges to 0. If 0 is p stable, then 0n #p-con-
verges to 0 and writing (15) we get
Cp(Bx, r"0, Bx, 2r)lim inf
n  
Cp(Bx, r"0n , Bx, 2r).
The behavior of the capacity on increasing sequences gives
limn   Cp(Bx, r"0n , Bx, 2r)=Cp(Bx, r"0 , Bx, 2r), hence Cp(Bx, r"0, Bx, 2r)
Cp(Bx, r"0, Bx, 2r). The equality follows from the monotonicity of the
capacity in the first argument.
Conversely, relation (18) yields that 0n #p -converges to 0. Then any
function u # W 1, p(RN) with u=0 a.e. on 0c has the property that
u|0n # W
1, p
0 (0n), since u=0 p q.e. on 0
c
n . The #p -convergence of 0n to 0
gives u|0 # W 1, p0 (0), hence 0 is p stable. K
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